The emergent mechanism provides a possible way to resolve the big bang singularity problem by assuming that our universe originates from the Einstein static (ES) state. Thus, the existence of a stable ES solution becomes a very crucial prerequisite for the emergent scenario. In this paper, we study the stability of an ES universe in gravity theory with a non-minimal coupling between the kinetic term of a scalar field and the Einstein tensor. We find that the ES solution is stable under both scalar and tensor perturbations when the model parameters satisfy certain conditions, which indicates that the big bang singularity can be avoided successfully by the emergent mechanism in the non-minimally kinetic coupled gravity.
I. INTRODUCTION
Although the standard cosmological model achieves great success, it still suffers from several theoretical problems. The attempt to resolve theses problems leads to the invention of the inflation theory [1] [2] [3] , which settles successfully most of the problems in the standard cosmological model, but leaves the big bang singularity problem open. To avoid this problem, some theories, such as the pre-big bang [4] , the cyclic scenario [5] and the emergent scenario [6] , have been proposed. The emergent scenario, proposed by Ellis et al., in the framework of general relativity [6] , assumes that the universe originates from an Einstein static (ES) state rather than a big bang singularity. So, it requires that the universe can stay in an ES state past eternally, and exit this static state naturally and then evolve to a subsequent inflationary era. Apparently, a very crucial prerequisite for the emergent scenario is the existence of a stable ES solution under various perturbations, such as quantum fluctuations. However, in the framework of general relativity, the emergent mechanism is not as successful as one expected in avoiding the big bang singularity since there is no stable ES solution in a Friedmann universe with a scalar field minimally coupled with gravity [7] .
A natural generalization of the minimally coupled gravity is to assume a non-minimal coupling between the scalar field and the curvature, which can be generated naturally when quantum corrections are considered and is essential for the renormalizability of the scalar field theory in curved space. This non-minimally coupled scalar field has been suggested to be responsible for both the early cosmic inflation [8] and the present accelerated expansion [9] .
If the coupling is a general function of the scalar field, the resulting theory is called the scalar-tensor theory [10] . The popular modified gravity, f (R) gravity [11] , can be cast into a special form of the Brans-Dicke theory, which is a particular example of the scalar-tensor theory [12] , with a potential for the effective scalar-field degree of freedom. Let us also note that a pioneering inflation model was constructed in a f (R) theory by Starobinsky [1] , which allows a graceful exit from inflation to the subsequent radiation dominated stage and produces a very good fit to existing CMB observational data [13] .
It has been found that in f (R) theory the inhomogeneous scalar perturbations break the stability of the ES solution which is stable under homogeneous scalar perturbations [14, 15] .
Recently, Miao et. al [16] found that there is no stable ES solution when scalar perturbations and tensor ones are considered together in the scalar-tensor theory of gravity with a normal perfect fluid, such as radiation or pressureless matter. It is worthy to note that the stability of ES solutions have also been analyzed in some other theories [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] .
Except for the coupling between the scalar field and the curvature, there are many other coupling, such as the coupling between the kinetic term of the scalar field and the Einstein tensor. This non-minimal derivative coupling has been discussed extensively in cosmology.
For example, it can provide an inflationary mechanism [32] [33] [34] [35] [36] , explain both a quasi-de Sitter phase and an exit from it without any fine-tuned potential [37] , and behave as a dark matter [38] or a dark energy [39, 40] . Recently, the stability of ES solutions in the non-minimally derivative coupled gravity have been studied in [28] . However, in [28] only a very special case ofφ = 0 is considered, which is not a general result derived from the conditions of static state solution, whereφ = dφ/dt with φ and t being the scalar field and the cosmic time, respectively. In addition, only the homogeneous scalar perturbations and tensor perturbations are considered in [28] . Thus, for the non-minimally kinetic coupled gravity, it is unclear whether the ES solution remain to be stable against inhomogeneous scalar perturbations and what the effect the special conditionφ = 0 has on the stable regions, and this motivates us to the present work.
The paper is organized as follows. In Section 2, we give the field equations of gravity theory with a non-minimal derivative coupling and the ES solution. In Section 3, we analyze the stability of ES solution under tensor perturbations. In Section 4, the homogeneous and inhomogeneous scalar perturbations are considered. Finally, our main conclusions are presented in Section 5. Throughout this paper, unless specified, we adopt the metric signature (−, +, +, +). Latin indices run from 0 to 3 and the Einstein convention is assumed for repeated indices.
II. THE FIELD EQUATIONS AND EINSTEIN STATIC SOLUTION
The action of the non-minimally derivative coupled gravity has the form [32, 41] 
where R is the Ricci curvature scalar, G is the Newtonian gravitational constant, g µν is the metric tensor with g being its trace, G µν is the Einstein tensor, V (φ) is the potential of the scalar field φ, κ stands for the coupling parameter with dimension of (length) 2 , and S m represents the action of a perfect fluid.
Varying the action (1) with respect to the metric tensor g µν and the scalar field φ, respectively, one can obtain two independent equations:
and
where
µν is the energy-momentum tensor of the perfect fluid, and
Here, (∇φ)
To find an ES solution, we consider a homogeneous and isotropic universe described by the Friedmann-Lemaître-Robertson-Walker metric
where η is the conformal time, a(η) denotes the conformal scale factor, and γ ij represents the metric on the three-sphere
Here K = +1, 0, −1 corresponds to a closed, flat, and open universe, respectively. The (00) and (ij) components of Eq. (2) give
where ρ and p are the energy density and the pressure of the perfect fluid, respectively, p = wρ with w being a constant, H = 1 a da dη and ′ denotes the derivative with respect to the conformal time η. From Eq. (3) we obtain the dynamical equation of the scalar field
A. Einstein static solution
The ES solution requires that the conditions of a = a 0 = constant and a ′ 0 = a ′′ 0 = 0 should be satisfied. Then, Eq. (8) can be reduced to
where the subscript 0 represents the value at the ES state. It is easy to see that to obtain an ES state ρ 0 , V 0 and φ ′2 0 must be constant. From Eqs. (9) and (10) we have K a
Thus, the scalar field with a constant speed moves on a constant potential in the ES state.
However, in [28] , a special case φ ′ 0 = 0 was considered and φ 0 = 0 was assumed. Combining Eqs. (11) and (12) 
which indicates that K = 0 for the existence of an ES solution since
2 . After introducing two new constants
Eq. (14) can be re-expressed as
Since a 0 and ρ 0 should take positive values, the existence conditions of ES solutions are a 2 0 > 0 and ρ s > 0. For the case κ < 0, when K = 1, we find that the existence of ES solutions requires
While, for K = −1, the conditions become
For the case of κ > 0, a 2 0 > 0 and ρ s > 0 lead to
when K = 1, and
In the following we will discuss the stability of ES solutions under the scalar and tensor perturbations. The tensor perturbations will be analyzed firstly since they are relatively easy to handle.
III. TENSOR PERTURBATIONS
For the tensor perturbations, the perturbed metric has the following form [42] 
For convenience, we perform a harmonic decomposition for the perturbed variable h ij
where summations over n, m, l are implied. The quantum numbers m and l will be suppressed hereafter as they do not enter the differential equation for the perturbations. The
Here, ∆ represents the 3-dimensional spatial Laplacian operator. The spectrum of the perturbation modes is discrete for K = 1, while it is continuous for K = 0 or −1.
Substituting the metric given in Eq. (21) into the field equations (Eq. (2)) leads to
Under the ES background, this equation can be simplified as
To obtain the stable ES solution against tensor perturbations, B > 0 must be satisfied for any k. For the case of κ < 0, when K = 1, we find that the restriction condition B > 0 gives
While, when K = −1, the stable ES solution requires
For the case of κ > 0, B > 0 leads to
when K = −1. It is easy to see that the stable ES solution exists only in the case of spatially closed universe (K = 1). Thus, in the following analysis K = 1 is considered.
Combing the existence conditions given in Eqs. (17, 19) and the stability conditions under tensor perturbations, we obtain that w, F and ρ s should satisfy
for κ < 0, and
for κ > 0.
IV. SCALAR PERTURBATIONS
To analyze the stability of ES solutions under scalar perturbations, we consider the perturbed metric:
where the Newton gauge has been used, Ψ is the Bardeen potential and Φ denotes the perturbation to the spatial curvature.
Using the above perturbed metric and the field equations given in Eqs. (2, 3) , we obtain the following perturbation equations 1 4πGa
Here, the perturbation of the scalar field φ → φ 0 + δφ is considered. For the perfect fluid, the perturbation of its energy-momentum tensor can be expressed as
where u µ is the four-velocity of matter and q is related to the perturbation of the spatial component of this four-velocity. The projection tensor P µ ν and the derivative D µ are defined as
The relation between the density and pressure perturbations is
where, δ = δρ/ρ 0 and c 2 s = w is the sound speed. Similar to the case of tensor perturbations, we perform a harmonic decomposition for the perturbed variables
Combining Eqs (33), (34) , (35) and (36) gives two independent perturbed equations
with
Introducing two new variables δϕ = δφ ′ and Υ = Φ ′ , Eqs. (42) and (43) can be rewritten
The stability of ES solutions is determined by the eigenvalues of the coefficient matrix, which is
If µ 2 < 0, a small perturbation from the ES state will result in an oscillation around this state rather than an exponential deviation. Thus, the corresponding ES solution is stable.
Otherwise, it is unstable. µ 2 < 0 gives the stability conditions under scalar perturbations
Since b 22 = 0 and M 2 = N when k 2 = 0, the homogeneous scalar perturbations require
A. Stability
For the scalar perturbations, the analysis of the stability of ES solutions is very complicated. To simplify discussions, we will consider the constraints from the tensor perturbations and the existence conditions obtained in the previous sections, in which it is found that the ES solution is stable under the conditions of K = 1 and Eq. (30, 31) .
From Eq. (49), we obtain that the stability conditions under homogeneous scalar perturbations are
(51)
, one can obtain
, which means that w is negative.
For the inhomogeneous scalar perturbations, the physical modes have n ≥ 2 which gives k 2 ≥ 8 since the n = 1 mode corresponds to a gauge degree of freedom related to a global rotation. For F = 0 and k 2 = 8, we obtain that the region of w and ρ s
While, when 0 < F < − 1 4κ
and k 2 = 8, we find that w and ρ s need to satisfy
Obviously, a positive w is required for the stable ES solution under the inhomogeneous scalar perturbations, which conflicts with the conditions given by the homogeneous scalar perturbations and the tensor ones. Thus, there is no stable ES solution in the case of κ < 0. (31) with K = 1 and κ > 0.
When κ > 0, the results are summarized in Tab. (I) where the conditions shown in Eq. (31) have been considered together. The constants ξ and ζ are defined as
. 
where k 2 = 8 is taken. Since ̟ > λ + for 0 < w < 1 9 and 0 < F < 1+3w 2κ−6κw
, there is no overlap for the allowed regions of ρ s from homogeneous and inhomogeneous scalar perturbations, which indicates that the ES solution is unstable.
(ii) F = show them here and but resort to a numerical discussion. We find that when n = 2 the smallest stability regions is obtained. With the increase of the value of n, the stability regions become larger and larger, which can be seen from Fig. (1) . In this Figure, 
The above two equations give
where 0 < w < , we find that M > 0 and M 2 − N > 0 can not be satisfied simultaneously, which shows that the stable ES solution does not exist.
V. CONCLUSION
In this paper, we have analyzed the stability of an ES universe under both scalar and tensor perturbations in gravity theory with a coupling between the kinetic term of the scalar field and the Einstein tensor. Homogeneous and inhomogeneous perturbations are considered together and inhomogeneous perturbations will compress the allowed regions of model parameters significantly. We find that the stable ES solution exists only in the spatially closed universe (K = 1) and it requires the coupling constant κ > 0 to be positive.
In addition, the equation of state of the perfect fluid is required to satisfy 0 < w < 1 9 , which indicates that if this perfect fluid is the pressureless matter or radiation the stable ES solution does not exist, although it does under homogeneous perturbations. Thus, in the non-minimally kinetic coupled gravity with the perfect fluid satisfying 0 < w < the stable ES solution can exist under both scalar and tensor perturbations and the emergent mechanism can be used to avoid the big bang singularity.
When F = 0, our results reduce to what were obtained in [28] where a special conditioṅ φ = 0 was considered. In this special case our analyses show that inhomogeneous scalar perturbations will break the stability of an ES solution although the solution is stable under tensor and homogeneous scalar ones. Therefore, the big bang singularity problem can not be solved successfully ifφ = 0 is taken.
Finally, a few comments are now in order for the emergent scenario proposed for avoiding the big-bang singularity. The emergent scenario assumes the existence of a stable Einstein static state and its past eternity. But usually such a state only exists under certain conditions. So, there is a question as to how this particular state comes into being in the first place, and in this regard, let us note that one possibility might be the creation of this state from "nothing" through quantum tunneling [44, 45] . Another issue is that even this state is stable classically, one still needs to address the question as to whether it is stable quantum mechanically, possibly by calculating the characteristic decay time in a quantum theory of cosmology when this state was formed.
